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Vibration of Cylindrical Gridwork Shells

THEIN WAH*
Southwest Research Institute, San Antonio, Texas

The natural frequencies of a circular cylindrical gridwork shell, consisting of a system of
equally spaced rings and longitudinal stringers, are investigated by use of finite-difference
calculus. A solution is derived for the case of simply supported boundaries.

Wrs

Qrs, Qrs'

Qrs, Qrs'

Mrs, Mrs'

Mrs, Mrs'

E
E
G
Trs, Trs

P

P*

Je
9,8'

J
A
A
n
m
R
S
(r, s)
t
P
P

J
K

C15-C20

Nomencla tu re

radius of ring
spacing of rings
circumferential coordinate
axial, circumferential, and radial displacement,

respectively
Urs expiut ^ axial, circumferential, and radial
Vrs expico£ /• displacements at the node
Wr8 expicot J (r,s)
shearing force in the plane and at right angles

to the plane of the ring
shearing forces on a stringer in two perpendicu-

lar directions
bending moments on a ring section at (r, s)
bending moments on a stringer at (r, s)
axial tension on a ring at (r, s)
axial tension on a stringer at (r, s)
Young's modulus of elasticity
shifting operator
shear modulus
twisting moment in stringer and ring, respec-

tively
volume density
concentrated mass at each node
moments of inertia of ring
moments of inertia of stringer
polar moment of inertia of ring
polar moment of inertia of stringer
torsion constant for ring
rotation of ring section
rotation of stringer section in two perpendicu-

. lar directions
torsion constant for stringer
area of cross section of ring
area of cross section of stringer
number of circumferential lobes
number of half-waves in the axial direction
number of stringers
number of spacings between rings
generic node
time

= defined by Eqs. (1) and (A17)
= defined by Eq. (4)

= defined by Eqs. (6, 8, and 9)
uted mass
solution

defined by Eq. (11)
defined by Eq. (13)
defined by Eqs. (26) and (27) for lumped mass

solution

For distrib-

v, Vl, = defined by Eq. (18)

-yi-y'fi = defined by Eq. (24)
71-75 = defined by Eq. (28)
a = angular spacing of stringers

Introduction

IN most practical applications, thin cylindrical shells need
to be stiffened in some manner. In evaluating the

dynamic characteristics of a shell, therefore, one has usually
to take into account the effect of the stiffening members.
Generally, cylindrical shells are stiffened in either of two
ways: by means of equally spaced ring frames, or by both
ring frames and longitudinal stringers running parallel to the
shell axis. It is the latter type of stiffening that is our con-
cern in this paper.

The common and generally accepted approach for a
stiffened cylindrical shell is to treat it as an orthotropic shell.
This, in effect, involves the approximating assumption that
the stiffening system has a continuous distribution.

Another and different viewpoint is certainly possible. This
is to fix attention on the stiffening system consisting of rings
and stringers and to treat this as the basic structure. The
effect of the skin may be approximated in some fashion, e.g.,
by including a portion of it on either side' of a ring or stringer
in calculating the geometrical property of those elements.
In those not infrequently occurring cases where the stiffening
system is widely spaced and is considerably heavier than the
shell plating, this indeed would be the logical approximation.
The present paper is an attempt to obtain a theoretical solu-
tion for such a gridwork shell.

In the analysis, the skin is assumed to be absent. The
gridwork shell is idealized as shown in Fig. 1, the rings and
stringers being supposed rigidly connected at the intersec-
tions. This idealization is likely to be a good one for those
modes involving primarily w displacements. When the
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modes are dominantly u and v displacements, the shear
stiffness of the shell skin could make the idealization a much
less accurate representation of the stiffened shell.

Finite-difference calculus is used to investigate the vibra-
tions of this cylindrical grid work, t An approximate formula-
tion, also using finite-difference calculus, is developed later,
on the assumption that the mass of the rings and stringers
may be assumed concentrated equally at the intersections.
This formulation has the advantage that the natural fre-
quencies of a simply supported shell may be obtained ex-
plicitly from a cubic equation, whereas the more exact ap-
proach requires the solution of a transcendental equation of
some complexity.

In order to render the mathematical solution reasonably
simple, certain assumptions have been made. It is supposed
that the cross sections of the equally spaced and identical
rings and stringers are such that the flexural and torsional
vibrations are uncoupled. Further, the purely tangential
vibrations of the rings are neglected.

Equations of Motion

The coordinate system used is shown in Fig. 1. There are
assumed to be R stringers equally spaced at r = 0, 1, 2, . . . ,
R — 1 along the circumference of a ring. The mean radius
of a ring is denoted by a, and the rings are placed at s =
0, 1, 2, . . . , S.

Consider first the flexural vibrations in the plane of the
ring. The forces acting at the extremities of the ring segment
extending from (r, s) to (r + 1, s) are shown in Fig. 2a and
the corresponding displacements in Fig. 2b. The super-
scripts R and L denote right and left of the node under
consideration.

It is shown in the Appendix that the relations between the
forces and displacements may be written as follows :

-Nrs
R = (EI/a*a*)(dVr. + c2Wrs

c^Vr+i, s + c2Wr+i, s +

-Qrs
R = c7Wrs +

C9Wr+l, s s)

Mr.« = (EI/a*a*)(csVn + csWrs

Qr+1, ,L =

= (EI/aV)(c&Vrs CloWrs + Ci2«a9rs +

., s + Cnaa9r+i, 8)

(1)

In Eqs. (1) and the equations that follow, the time func-
tion exp(icoO, where co is the circular frequency, is omitted
from both sides. The coefficients c» are functions of the fre-
quency w, the mass density p, and the geometrical properties
of the ring. They are defined in the Appendix. N, Q, and
M stand for the axial tension, shearing force, and bending
moment, respectively. V, W, and 9 are the amplitude of
the tangential displacement, inward radial displacement,
and rotation, respectively.

Considering next the torsional vibrations of the ring, the
torque Trs and the transverse shears Qrs' at right angles to
the plane of the ring are given as follows (see Appendix and
Fig. 3):

Trs = -

Qn' = -(eGJ/a*a) [c14(er+1, s

(2)

(3)

f This method, despite formal resemblances, has no necessary
elation to matrix methods of analysis.

r - 1,

Fig. 2a Forces on ring segment (flexure).

r + 1, s

Fig. 2b Displacements of ring segment (flexure).

with

= q cosecg e = (1 + EI^/GJ)

(4)

= q cotg

q =

G is the shear modulus, J the torsion constant for the ring
section, p the mass density, Ip the polar moment of inertia,
and 70 the moment of inertia about an axis in the plane of the
ring. 9rs is the angle of twist at (r, s), considered positive
in the positive direction of the s coordinate (Fig. 1).

The flexural vibrations of the ring at right angles to its
plane give the relations (see Appendix)

-Qrs'R =

Mrs'R =

Qr+1, .'*> =

'L =

ciSaaQr+i,

(5)

where

= p3(coshp sinp + sinhp cosp)/(l — cosp coshp) ]

— cosp coshp) ] — [GJcP/EIj]

— cosp coshp)

— cosp)/(l — cosp coshp)

= p(coshp sinp — cos/? sinhp)/(l — cosp coshp)

— cos/? cosh/?)

> (6)

p =

These flexural vibrations induce torsional moments at
each end. In the present formulation, however, they cancel
identically at each node and do not enter the equations of
equilibrium. Note that the shearing force Qrs

f is in addition
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to the shearing forces induced by torsional vibrations.
6rs' is the slope of the ring at (r, s).

Turning next to the flexural vibrations of the stringers,
the equations relating the forces and displacements may be
written as in Ref. 1 for flexural motion in the radial direction
(Fig. 4). The first of these equations is

-QrsR = (EI/b*)(ci&Wrs + Cwbers -
CnWr, s+i + c18bQr, s+i) (7)

The other equations may be written down by analogy with
(5). In Eq. (7), Ci5, c16, etc., are the same functions of p as
Ci5, CIG, etc., are of p where

in which A is the cross-sectional area of a stringer, I its mo-
ment of inertia, and p its mass density (ci6 does not include
the GJ term involved in Ci6) .

Equations similar to the foregoing apply for the case of
flexure in the tangential direction. The rotations in this case
are denoted by 9', and the sign convention used is the same
as in Fig. 4. The first of these equations is

-Qrs'R =

where c^',
Cl/Fr. S+l + Clg'Wr, s+l') (9)

. . . , c2(/ are the same functions of

p' = (

as Ci5, Cie, . . . , c20 are of p.
Considering next the longitudinal motion of the stringers,

it may be shown that the relation between the forces and dis-
placements (Fig. 4) is given by

Nrs
R = (AE/b)(-CZ1Urs r, s+l)

with

C2l = j COt?

Nr. s+lL =

(10)

C22 = j cosecj j = (o)2p&2/^)1/2 (11)

Urs is the amplitude of the longitudinal displacement at
(r, s) considered positive in the positive direction of s .

The torsional vibrations of the stringer may be investi-
gated as in Ref. 1. One finds

Trs = -
with

c23 = I cot/

(12)

c24 = I cosecZ
(13)

where J and IP are the torsion constant and polar moment of
inertia, respectively, of the stringer cross section.

Equilibrium of a "joint" requires that

MrS
R - MrsL + Trs = 0

MrS
R - MrsL + Trs = 0

QrsL ~ QrsR + QrsL ~ Qrs* = 0

NrsL ~ NrS
R + Qrs'L ~ Qrs'R = 0

s'L ~ Qrs' = 0

+ M rs' L = 0

(14)

NrsR - NrsL + Qrs'R

Mrs
fR - Mrs'R ~

Introducing the shifting operator defined by

E ~f _ f 17 rf _ f
r Jrs — Jr+x, s &sXJrs ~ Jr, s+x

using Eqs. (1-13), and eliminating 9rs, Ors, and 9rs' from the
resulting equations, we get the following three equilibrium
equations containing only the displacement components, Urs,

r + 1,8

r + 1,8

(Note: Q]TS is at right angles
to plane of ring)

r - 1, s

Fig. 3 Torsion of ring segment.

Vs

?„

c6c10(Er + E,-1)

- c17(Es + E,-1) + 2

Er - Er~l)Vrs = 0 (15)

i + c4(Er + E,-1) -

^i{2ci5/ — Cir'(Es + Es
-1)} -

(Er - E,-l)Wr. +

c6(E r+ E,-1) +2c3}2

" aa {rj

;'(ES - Es-!)(Er - Er"1)"• vi^ i ^

dOL I\

_ jc14(Er + E.-1) - 2c13|— Jb« *•) ——————————————

T7Vr.

Jrs = 0 (16)

nrs

- 2c2] - 2c15 - c17(Er + E,

c18
2(Er - E.-1)2!"! ^

0 (17)

where

^rs - c12(Er + E,-1) - m.4
2(cn

nrs

CrS = 2c1 lr + E,.-1) - (\J)/aa) X

AI = ———— \2 =

GJ\f b

(18)

GJ

}

The procedure for finding the frequency equation is to assume
a set of displacement functions Wr8, Vrs, Urs that satisfies
given boundary conditions. Introduction of these functions
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r,s - 1

-7—^-'
r, s + 1

Fig. 4 Forces and displacements of stringer (flexural
motion in radial direction and longitudinal motion).

into Eqs. (15-17) gives three homogeneous equations between
the amplitudes of these displacements. The condition that
the determinant of these coefficients vanish yields the fre-
quency equation sought.

Simply Supported Shell

Assume that the shell is simply supported at s = 0, S. A
suitable set of boundary conditions is as follows :

Wrs = 0 Vrs = 0 Grs = 0

MrsL ~ (Trs/2) = Mrs* + (Tr./2) = 0

QrSr r _
~ o ' o ~~ o ~2 2 at s = 0, S

- 0
" °" 2 2

Mr.'* ~ (Mn'* ~ MrS'L)/2 =

MTS'L + Mn'* ~ Mrs
fL/2 - 0

Of the six boundary conditions for the stringer, two relate
to the flexural vibration in the radial direction and two to
the flexural vibration in the tangential direction, since each
of these motions is governed by a fourth-order differential
equation. The torsional vibration and the axial vibrations
are each governed by second-order differential equations, so
that each requires one additional boundary condition, giving
a total of six at each edge.

The first three conditions are self-explanatory. The
fourth and sixth conditions require the vanishing of the
bending moments in the stringers in two perpendicular
directions, and the fifth condition requires the vanishing of
the normal force in the stringer. However, as stated here,
the last three conditions assume that at the boundary of the
shell there exists a "half-ring" similar to the other rings of
the system. It is for this reason that the fourth boundary
condition, e.g., demands that Mrs

R + (Trs/2) = 0 instead of
simply Mrs

R = 0 as would be the case if the half-ring were
absent. This slight modification in the boundary condition
is necessitated by the difficulty of terminating the mathe-
matical model to the right or left of a ring instead of along
its centerline. The effect of these half-rings may be expected
to decrease rapidly as the number of bays increases. Fur-
thermore, they render the formulation of the solution con-
siderably simpler as will be seen below.

The preceding boundary conditions are equivalent to the
following six conditions :

Wrs = 0 Vr. = 0 ers = o
Mr.* + MrS

L = 0

Nr.L + NT.* = 0

Mr.'* + Mr.'L = 0

at s - 0, S (19)

Using the formulas derived previously, these conditions may
be written in terms of the displacement components WrS)
VrS) and Urs as follows:

Wr, = 0

/T7 T? —l\ 1\7
_ C^lj^J Mr.

\Jrs — MO xtrs a a

Vr, = 0

Vrs
= 0

{2c16 - c18(Es

Wr. = 0
\ (20).-1) + C18c20 X

[(E. - E.-1)2/

(E. - E,-l)Ur. = 0
{2c16' - c18'(Es + E.-1) + c18WX2 (b/aa) X
[(E. - E.-^VCr.lFr. + cao'ci,(&/aa)(Er - E,-1) X

[(E. - E.-i)/{r.]tfr. = O

Consider now a set of displacement functions :

Wrs — A exp(i2nirr/R) sm(mirs/S)
VTS = B exp(i2nirr/R) sm(mirs/S)

n = 2,3, . . . ,n<R/2
m = 1, 2, . . . , S - 1

Urs = C exp(i2nir/R) cos(nnrs/S)
in which A, B, and C are arbitrary constants, and n and m
are integers. These functions obviously satisfy the first two
boundary conditions (20) at s = 0, S.

It is now noted that, for all the operators occurring here,

F(Er, Es)arbs = arbsF(a, b) (22)
Introducing, e.g., the first of (21) into the fourth of (20)

> (21) J

L.H.S. = A 2c16 - c18(Es + Er

:s -E,-1)2

c20(Es

Im

2(c19

/im7rs\ . i2mrr ( mw
exp I — — I = A exp /m <2ci6 — 2ci8 cos—- —

\ O / /I ( O

sin2(m7r/£)
2c20 cos(ra7r/$) — 2j>iC

' • \ /imirs \ . \ _ _ rt m?rexpl —— ) = A < 2ci6 - 2ci8 cos — -
b / I *b

2^20 cos(m7r/$) — 2^id4 cos(2mr/R) + 2(ci9 a}-
2imrr . mirs

which vanishes at s = 0, S, thus satisfying the fourth of the
boundary conditions (20). Similarly, it may be shown that
the displacement functions (21) satisfy the remaining bound-
ary conditions (20) .

Introducing the functions (21) into Eqs. (15-17) yields the
three homogeneous equations

- By, + iCy* = 0

Ay, + iBy, + Cy, = 0
(23)

t The reason for the upper limits on n and m is discussed in the
following section.
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where

2mr
7i = 07 + c9 cos --- —

K

ClO2

i2 cos(2mr/R) — ^c24 cos(m7r/$)
_ I

^\ Ci5 — Ci7 cos---

c]8
2 sin2(m7r/$)

72 =

eos(ra7r/$) — *>iCi4 eos(2nir/R)

f c6 cos(2mr/R)]
' d2 cos(2n7r/K) — vcu cos(m7r/$)

2mr
73 = Ci + C4 CO$—=r- —

[cs + c6 cos(2tt7r/R)]2

i / fi ( C157 - cn'\
mir\ icos — + ——
o / ace

,nA.(24)

c18
/

________
7T/jR) — (\jb/aa) [cig' + C2o' cos(m7r//S)]

74 =

ace cig + £20 cos(2n7r/.R) — (\J)/aa) [c^f + 020' cos(m7T/iS)]

[d4 cos(2mr/R) — c33] sin(m7r/>S)
7s = co$(mir/S) — Vid± cos(2nir/R) X

[ rrnr (
Cn COS — - — C21 — M < Ci5 — Ci7

c18 X

The condition that the homogeneous system (23) yields non-
trivial solutions gives the frequency equation

- 722) - 727s) = 0 (25)

This transcendental equation has to be solved by trial for
the frequencies co. For each value of m and n chosen, the
equation yields an infinity of frequencies. It is noted that
the first of Eqs. (23) lacks a third term for complete symmetry
of the matrix of the system. This arises from using various
approximations in the differential equations for torsional
and out-of-plane ring vibrations that, strictly speaking, can-
not be uncoupled. In view of the already stated limitations
of the model for predominantly ^-displacement modes, greater
complexity does not appear warranted.

Lumped Mass Approximation

The frequency equation (25) is a transcendental equation
of some complexity, and it is desirable to have an approxi-
mate solution if feasible. It is intuitively evident that a suit-
able approximation may be obtained by lumping the masses
of the rings and stringers at the nodes, thereby reducing the
system to one of a finite number of degrees of freedom. If
this is done it may be shown (see Appendix) that Eqs. (1)

still hold but the coefficients c» may be written down ex-
plicitly as follows:

Ci = 2ce3(ce since cost* — a2 +
2 cos2ce — 4 cosce + 2)/D

c2 = 2ce3(ce sin2ce + 2 since cosce — 2 since)/!)

Cs = 2ce2(ce2 — a since — ce since cosce — 3 cos2ce +
4 cosce - 1)/Z>

C4 = 2ce3(ce2 cosce — a since —
4 cosa + 2 cos2ce + 2)/Z>

c5 = 2ce3 since(2 - a2 - 2 cosce)/Z)

Ce = 2ce2(2ce since — a2 cosce — cos2ce +
4 cosce - 3)/Z>

d = 2a3(2 sin2ce — -a.2. — a since cosce)/Z)

cs = 2ce2(3 since + ce cosce — ce — ce sin2ce —
3 since cosce)/Z>

eg = 2ce3(ce2 cosce + ce since — 2 sin2ce)/Z)

do = 2ce2(ce — ce2 since — ce cosce + since —
since cosce)//)

di = ce(4ce since — 3ce2 + 2ce since cosce +
7 cos2ce — 8 cosce + l)/D

Ci2 = ce(2ce2 cosce — 6ce since — 8 cosce + cos2ce +

(26)

D = a. sin2ce + 4ce — ce3 — 4ce cosce +

4 since cosce — 4 since j

The d now do not contain the unknown frequency co and
depend only on the subtended angle ce.

Equations (4-13) also simplify with the various coefficients
d being given as follows:

da = q cothg c14 = q csch#
q = a(EI+/GJ)11*

— _ / _ _ — _ f _ /^

Cig = C"i9 = Cig = 4 C20 == C2o := Cao' ::::z 2

C21 — C22 = ^23 = C24 = 1

Denoting by p* the mass lumped at each intersection, one
can now proceed as before and obtain the following homo-
geneous equations:

(28)

(27)

- iBy$ = 0
iAy2 + £[73 - (p*co2a3ce3/2E7)] - iCy, = 0

Ay, + iBy, + C[fe + (p*co2a3ce3/2^/)] = 0

where 71, 72 ... may be obtained from Eqs. (24) by using the
relations (27).

The requirement that the homogeneous system (28) yield
nontrivial solutions leads to the (cubic) frequency equation

123 + AW + Btt + C = 0

where

0 - p*uWa*/EI A = 2(f6 - y, - 73)

B = 4(7!73 — 7376 — 7i7e — 722 + 742)

(29)

C = 8(717376 — 722fe

(30)
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In contrast to (25), Eq. (29) may be solved explicitly.
However, for chosen m and n, Eq. (29) yields only three
frequencies w.

Numerical Example

In order to crystallize ideas, an arbitrary example of a
gridwork shell with rings made up of 10 X 4f X 25.4#
American standard beams and stringers of 15 X 5j X 42.9#
American standard beams was assumed. The number of
bays S was taken as 6 and R, the number of stringers as 8.
The results of the computation are shown in Table 1.

The table lists three values of the frequency parameter p
obtained from the distributed mass formulation [Eq. (25)]
and the three roots of the cubic equation (29) which repre-
sent the lumped mass approximation.

It is seen that there is reasonable agreement between the
two solutions only for the lowest natural frequencies tabu-
lated as (p)i. The higher roots involving larger v and u dis-
placements display no pattern of agreement. It is remarked
in this regard that the transcendental equation (25) is quite
difficult to solve even on an electronic computer because of
numerous discontinuities in the functions involved, and some
error in the values of the higher roots is possible. The basic
difficulty appears to be errors introduced in calculating the
coefficients c» in Eqs. (1), which involves the inversion of a
6 X 6 matrix followed by a matrix multiplication. Some of
the difficulty could thus be eliminated if the c» could be written
down explicitly as in the lumped mass formulation. This,
however, turns out to be a formidable task.

Equation (29), of course, is very easily solved and seems,
therefore, suitable for the calculation of the lowest frequencies
of a gridwork shell. However, a more extensive parametric
study would be required to decide for what range of grid
spacing the lumped mass formulation is a good approximation.

We remark that, in Eqs. (21), and therefore in Eqs. (23)
and (28), n and m have been limited by maximum values
<R/2 and S — 1, respectively. For n > R/2 and m > S, it is
easily verified that the solutions will merely repeat them-
selves. On the other hand, when n = R/2 and m = S,
Eqs. (23) and (28) cannot be deduced. This is a conse-
quence of the fact that, when Eqs. (21) are introduced into
the equilibrium equations [e.g., (15-17)], one or another
of the resulting equations will always have variable coeffi-
cients of the form sin(2n7rr/^) or sin(m7rs/S), and Eqs.
(23) and (28) follow only if these variable coefficients do not
vanish for all r or all s. Obviously this condition no longer
holds when 2n = R or m = S and indeed whenever 2n is an
integral multiple of R, or m is an integral multiple of S.
The present method is entirely applicable to such cases, but
such special forms of vibration where one or more of the
nodal displacements vanish identically have to be formulated
separately starting from the equilibrium equations.

Appendix

On the basis of the assumptions given under Introduction,
the equations of motion given by Love2 may be generalized
as follows.

Flexural Motion of Ring

In the notation of Fig. 1, the motion is governed by

together with the condition of inextensibility bv/d4> — w.
In Eq. (Al), El is the flexural rigidity about a centroidal axis
of the ring cross section at right angles to the plane of the
ring of radius a, v is the tangential displacement, w the inward
radial displacement, A the cross-sectional area, and p the
volume density.

Assuming
(A2)

where o> is the natural circular frequency, substitution into
(Al) leads to

where K2 = pA^a^/EI. The characteristic equation for
(A3) is

A6 + 2A4 + A2(l - K2) + X2 - 0
Considering this as a cubic in A2, it may be shown that Z2

has one negative value and that the remaining two roots are
both real and positive provided that

K* > 17.6366 (A4)
If the inequality (A4) holds, the general solution valid for

the circular segment with central angle a. is of the form
V = Bl ch(&/«)<£ + #2 sh(/Va)<£ + £3 ch(ft/a)</> +

B± sh(ft/a)</> + B5 cos(ft/ce)</> + B& sin (ft/a) 0 (A5)
in which we have written ch for cosh and sh for sinh; and
ft2/a:2, ft2/a2, —ft2 /a2 are the three values of A2, the £'s
being arbitrary.

If one uses the boundary conditions
V = Vrs W = Wrs l/a[V + (dW/dj)] = 0,.

at (j> = 0 (A6)
V = Vr+i. s W = Wr+1,.

l/a[V + (dW/d<l>)} = Qr+i. s at <t> = a (A7)

there results the matrix equation

\ffa]{Bi} = M (A8)
where

1

0

chft

X1 + !

0

shft

1

0

chft

^ shfta

0

ft
a

0

shft

^chft
a

1

0

L — —~

cosft

- sinft
a

0

sinft

— cosfta

(A9)
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V

c , i a
IM y

From Fig. 2, one has

El fdW d*W
a^ \ d(f> dcj)^

FT / d^W rl^W
^7 ( ^Ti + ~ -K^Wa \ d<p d<p

Substitution of (A5) [with W
to the matrix equation

where

*' = Nr+l,

Qr+l,

\a4 a2 /

\a4 a2 /

\ a4 a2

Table 1 Values of pa

"0 (P)i (P)a (
* ^ A 1 0^

r+i, * Dist. Lumped Dist. Lumped Dist.
r
r+1, s m, n mass mass mass mass mass

^r+1>s 1,2 0.8017 0.6007 1.936 1.074 5.006
1,3 0.9520 0.9403 1.770 1.080 4.865
2,2 0.8664 0.8774 4.931 1.481 5.152

\ 2,3 1.080 1.072 1.936 1.483 5.078
) MrsRa,t4> 0 3,2 1.298 1.265 2.190 1.759 5.131
/ 3,3 1.861 1.378 4.882 1.760 5.239

= Mr+i, S
L at (j) = a. a, - _ / pa)zAb4\ 1/4^

\

Ps)

Lumped
mass

2.591
2.407
2.592
2.408
2.600
2.412

) — Qrs
R at 4> — 0 (All) Using the notation

cr = Plr r = 1, 2, . . . , 6

J = Nrs* at 0 - 0 cn = ^33 c12 = P36

Equation (A16) may be written in the form of Eq. (1).
= Nr+i, S

L at </> = a Owing to the reciprocal relations3 and the uniformity of the
ring, there are only 12 independent coefficients c».

= (dV/d<t>)] into (All) leads if

0.11340 < K2 ^ 17.6366

the general solution of (A3) is of the form

0 -& 0 -f2 0 &
77! 0 772 0 773 0
0 -fi 0 -f* 0 -f8

shft & chft J2 shft ft ch/52 ft sin/33 — ft cosft
Yiich.Pi — rji shft — 772ch/32 — 7?2 sh/32 —773 cosft — 773 shift
shft fi chft f2 shft — f2 chft — f3 sinft f 3 cosft _

%a
 9 , 7 = Bl ch— <#> cos- <#> + 52 sh -̂1 0 cos- </> +

d Ot Of, OL OL OL

C^ ^ T> I, ft JL • ft JL I D 1, ft JL ' ^2 JLs w-c* ^jg QJ^ — (p sin — (p ~TT -t>4 sn — <p sin — 0 ~
SL a a a a

ft _L D - ^

[1 + (ft2/ a2)] a a

2K2/3 a2 where (ft ± ift)2/a2, —ft2/ a2 are the three va
= ~ T — _L (£?*/ 2\] Proceeding as before, it may be shown that Eq.

[l \~ VP2 1 a )\ holds provided the elements of [0»y] and [A^] are
\ o^2/? as follows:

'9. \ ^ ^3Q! / A 1 K\
/ n / / 9 2 7 2M VAi^ -, A/ [1 — (p^/OL *)\ gn = 1 012 = 013 = 014 = U

/ ft2\ 015 = 1. 016 = 0779 = aft2 ( 1 + — J
021 = 0 022 = —— 023 = ——

r a / W ^Sl ttPl V ^ a2 / . ft
024 = 025 = 0 026 = ——a

r, = ^ft ( i - § ) _ ^ , (ft2 - ft2) _ _ n\ a / \ — / t/ai L* i y32 t/33 v

Equation (A8) has the solution 28 89 6 2

034 = —— —— 035 = « — —— 036 = 0

Substitution into (A12) yields 0*i = cc 042 = sc
( 7 ) r P 1 J //• 1 ^ A 1 £^ 043 == CS 044 = SS #45 = COSft
I "i j — L ^ f c r J l ' C r ) V^-1-W

.,! . « ftsc — ftcs
With /7^ — Sin Ho /7r, — —————————————

««,

- <A (A18)

lues of A2.
(A17) still

interpreted

}

> (A19)

(A17)
a

[Equation (A19) continued on next page]
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052 =
0tss + 02cc

a.

+ 02SC

053 =

055 = - — sin03a

056 = ——a

r Ift2 - &* .. \ 20A -|= < ————— + a} cc - ——— ss
L I « ) ' « J

2- fe2 , x 2&ft+ a > SC - ———— CS

#66

= \ a — — cos03,

= a — — sin03

cc = cosh0i cos02 cs = cosh0i sin02

sc = sinh0i cos02 ss = sinh0i sin02

The elements of [fey] are as follows:
fei = 0 fe2 = -&0i + 0202

fe4 = h15 = Q fee = -03[(034/a2) -
032 - K2a*]

fei = 05 fe2 = fes — 0 fe4 == 06

fes - c*032[(032/a2) - 1] fee - 0

fel = 0 fe2 = —0103 + 0204

fes = —0203 — 0104 fe4 = fe5 = 0

fei = (0i«c — 02cs)0i — (0ics

fe2 = (0lCC — 02SS)0i

fe3 = (0iSS + 02CC)01

fe4 = (0iCS + 02SC)01

fe5 = 03 Sm03[-(034/«2) + 032

fee = 03 cos03[(034/a2) - 032

fel = — 05CC + 06$S fe2 = —

/^53 = — 05CS — 06SC 7^54 = —

fe5 - -a032cos03[(032/o;2)

fee = -a032sin03[(032/a:2)

- 02cs)03 - (0ics

- 02SS)03 - (0lSS

= (0lSS + 02CC)03 + (0lCC

= (0ics + 02sc)03 + (0isc

02sc)02

02CC)02

(0iCC

(0iSC — .02CS)02

— 0eCC

1]

02sc)04

02CC)04

02SS)04

02cs)04

= a03(cos03)[l - (032/a2)]

with

01 = 02
2)2/a2 - (40!202

2/a2)

02 = [40i02(0i2 - 02
2)/a2] + 20!/

03 = C*2[(0l2 - &»)/«») + 1] 04 =

05 =' [(0l2 ~ 022)2 ~ 40i202
2] + C^ft2 - 022)

06 = 20!02{[2(0i2 - 02
2)/c*] + a} '

cc = cosh0i cos02 cs = cosh0i sin02

sc = sinh0i cos02 ss = sinh0i sin02

(A19) If 0 < #2 ^ 0.1134, the solution involves circular functions
only and may be similarly investigated.

Torsional Vibrations of Ring

These are governed by

(GJ/a*) (520/d02) — (#/0/a2)0 = p/p(d20/dZ2) (A21)

where G is the shear modulus, J the torsion constant, 70 the
moment of inertia about an axis in the plane of the ring, Ip
the polar moment of inertia of the ring section, and 0 the
angle of twist.

On assuming 0 = 0(0) expzori and substituting into (A21)
there results

- 0

(A.22)

and arbitrary constants A and B.
Substitution of the boundary conditions (Fig. 3) for the

span (r — 1, s) to (r, s)

0 - 0r_i,, at 0 - 0 Ors = 0 at 0 - a

and for the span (r, s) to (r + 1, s)

0 = Ors at 0 = 0 0 = 0r+i., at 0 = a

results in the two equations

0 = [(cosecq)0rs — (cotg)0r_i, s] sin(g0/a) +
0r-i, S cos(#0/a) (A.23)

0 = [(cosecof)0r+i,« — (cotg)0rs] sin(^0/ce) +
(\ on") Brs cos (#0/ a) (A.24)\j.\.4j\jj

Referring to Fig. 3, we have from Eq. (A23)

The general solution of which is

0 = A cos(0/a)0 + B sin(g/o00

with
q =

and from Eq. (A24)

Further
Tn

R - TrsL = Trs

Application of these three conditions leads to the final result

Trs = -(GJ/ad)[cu(Qr+i, s + 0r-i. s) - 2ci30rs] (A.25)
with

Cis == q cotq, Cu = q cosecg

The expression for the shear force Qrs' follows from the rela-
tion given in Love.2 The bending couple does not influence
the equation of equilibrium, cancelling identically at each
node.
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Flexural Vibrations at Right Angles to the
Plane of the Ring

Assuming that the angle of twist is very small, the vibra-
tions are governed approximately by

(A.26)

where u is the displacement at right angles to the ring and
70 the moment of inertia of the section about an axis in the
plane of the ring. Equation (A26) is identical to that of the
vibrations of a straight beam, and Eqs. (5) and (6) may be
readily deduced. The only difference between the straight
beam and the ring is that the shearing force is a function of
the torsional stiffness of the ring, and torsional moments are
induced (for further details see Love2). Strictly speaking,
the uncoupling of the out of plane vibrations and torsional
vibrations is not possible. Since the gridwork model can,
in any event, only approximately represent motion involving
primarily u displacements, the simplified equation given is
felt to be sufficiently accurate, especially for small arc length/
radius ratios.

Lumped Mass
When the ring is supposed massless, its deflection is gov-

erned by
(d«V /(%>*) + 2(diV/d(t>4) + (dW/d^) = 0 (A27)

together with the condition of inextensibility W = dV/d<p.
The general solution of (A27) is
V = BI + B2<f> + #3 cos<£ + £4 sin<£ + B$ cos<£ +

B«f> sin0 (A28)
One may now proceed as in the distributed mass formulation
and obtain the relation (A17). The matrix (Pir) in this case
can be evaluated explicitly without great difficulty. Writing
Eqs. (A16) in the form of Eq. (1), the d are given by Eqs.
(26).
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Free Vibrations of Ring-Stiffened Conical Shells

V. I. WEINGARTEN*
University of Southern California, Los Angeles, Calif.

Linear shell theory was used to develop an analysis for predicting the natural frequencies of
ring-stiffened simply supported conical shells. An experimental investigation was performed
in conjunction with this analysis. In the analysis, the longitudinal, circumferential, and rota-
tory inertia forces were assumed to be small in comparison with the radial inertia force.
The previous assumption simplified the uncoupling of the equilibrium equations. A
linear Donnell-type vibration equation was obtained for orthotropic conical shells. By
finding an equivalent ortho tropic shell, the free vibration characteristics of a ring-stiffened
conical shell were determined. Application of the Galerkin method reduced the shell equa-
tions to the form of frequency determinant- Digital computer techniques were used to solve
the resulting frequency determinant.

Nomencl ature

An = displacement coefficient, see Eqs. (5)
A8 = stiffener area
Bn = displacement coefficient, see Eqs. (5)
Cn = displacement coefficient, see Eqs. (5)
D = flexural stiffness of shell wall

\Eh*/12(l - » 2 ) |
E = Young's modulus for isotropic material
Ex, E^ = Young's modulus for orthotropic material
Fi(n)-F$(n) = expressions defined by Eqs. (14-18)
/ = frequency (cps)(/= w/271-)
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m, n

expressions defined by Eqs. (11-13)
shear modulus
thickness of the shell
effective thickness in circumferential direction
effective moment of inertia of ring and shell

combination, see Eq. (21)
imaginary part of the expression, see Eqs. (5)
moment of inertia of the stiffener about its

own centroid
(-1)1/2

see Eq. (22)
see Eq. (23)
geometry parameter |12//(xi//i)2|
slant length
length between stiffeners
differential operators
inverse operator
integers
radii of small and large end of truncated cone,

respectively
complex number | y + in$ \
cone circumferential wave number
time
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